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Abstract. We compute Okounkov bodies of projective complexity-one T- 
varieties with respect to two types of invariant flags. In particular, we show 
that the latter are rational polytopes. Moreover, using results of Dave An- 
derson and Nathan Ilten, we briefly exhibit explicit links to degenerations and 
T-deformations. Finally, we prove that the global Okounkov body of a rational 
projective complexity-one T-variety is rational polyhedral. 



1. Introduction 

Toric varieties and projectivized rank two toric vector bundles over toric vari- 
eties are special instances of rational complexity-one T-varieties. Fixing a torus 
invariant admissible flag, Robert Lazarsfeld and Mircea Mustafa not only provided 
a description of Okounkov bodies of smooth projective toric varieties but also gave 
a presentation of the global Okounkov body, cf. [LMl Section 6]. Jose Gonzalez 
showed that the global Okounkov body with respect to a suitable torus invariant 
flag for projectivized rank two toric vector bundles over smooth projective toric 
varieties is a rational polyhedral cone. In particular, he explicitly described the 
supporting hyperplanes of this cone in terms of Klyachko's filtration data of the 
bundle, cf. |Gon[ Theorem 5.2]. 

The aim of this article is to extend these results to the class of rational projective 
complexity-one T-varieties. In order to do so, we make use of their description in 
terms of so-called divisorial fans S (see (j2.2p ). 

Let T — N ®C* denote an algebraic torus that acts effectively on the rational 
projective complexity-one T-variety TV(5). Depending on the local structure of 
TV(iS) around a T- fixed point Xfix, we use the quotient representation of TV (5) 
over the curve C to construct two types (general and toric) of T-invariant admissible 
flags in TV(iS). Furthermore, given a divisorial support function h and denoting 
by Dfi the corresponding T-invariant divisor (see (|2.8p ). we can put Theorem 13.91 
Proposition |3T3] and ProDOsition l3. 151 under one roof to obtain the following result: 

Theorem. The Okounkov body Ay, (T*/!) of a T-invariant big divisor Dh on a 
rational projective complexity-one T-variety TV(iS) with respect to a general or 
toric flag Y, is a rational polytope. 

More specifically. Ay, (Dh) can be described in terms of the piecewise affine linear 
function h* over the polytope □/,. both of which are closely related to h. Moreover, 
using a toric downgrade, we obtain new results for Okounkov bodies of toric varieties 
previously out of reach with purely toric methods (see Examples 13.171 13.181) . 

Having a precise description of the Okounkov bodies at hand, we proceed by 
investigating their relations to degenerations as constructed by Dave Anderson 
(see [And]) and so-called one-parameter T-deformations which were introduced by 
Nathan Ilten (see [IltlOp . Furthermore we give two examples for which we construct 
T-deformations via a decomposition of the respective Okounkov body (see (|4.2p '). 
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Finally, we study the global Okounkov body of a rational projective complexity- 
one T- variety TV (5). Using the fact that this cone can be constructed via the 
graph of a continuous piecewise afHne linear function over some simpler cone, we 
obtain the following result: 

Theorem. The global Okounkov body Ay, (TV(<S)) of a rational projective com- 
plexity-one T- variety TV (5) with respect to a general or toric flag Y, is a rational 
polyhedral cone. 

The present paper is organized as follows. Section [2] recalls the necessary ingre- 
dients from the theory of complexity-one T-varieties: polyhedral divisors, marked 
fansy divisors, divisorial polytopes, and the description of torus invariant divisors 
in terms of divisorial support functions. 

Section [3] forms the heart of this article. After recalling the general construction 
of Okounkov bodies and their description in the toric setting, we construct two 
types of admissible invariant flags for complexity-one T-varieties and compute Ok- 
ounkov bodies with respect to these flags in terms of divisorial support functions. 
In particular, we derive that these convex bodies are rational polytopes. 

Section 0] reviews the relation of Okounkov bodies to deformations and degen- 
erations, as presented by Nathan Ilten |IltlOj and Dave Anderson [And]. Several 
examples are used to exhibit this interplay and to illustrate the combinatorial flavor 
which can be associated to the respective geometric operation. 

Section[5]is concerned with global Okounkov bodies of rational projective complexi- 
ty-one T-varieties and provides a proof that the latter are rational polyhedral. 

Acknowledgements. I would like to thank Klaus Altmann, Christian Haase, Andreas 
Hochenegger, Nathan Ilten, Priska Jahnke, Hendrik Siifi and Jarek Wisniewski for 
valuable comments and fruitful discussions. 

2. Preliminaries 

This section fixes some notation and introduces the language of polyhedral di- 
visors and divisorial fans with a special focus upon complexity-one T-varieties (see 
|AH06[ IAHS08) and in particular |AIP+| for more details). Moreover, we review 
the crucial notions and main results of |PSj and conclude with several examples 
which will also reappear in later sections. 

For the rest of the paper we adopt the following conventions and notation. If 
not stated otherwise 

- K denotes an algebraically closed field of characteristic zero. 

- a variety means an integral, separated scheme of finite type over K. 

- N denotes a lattice, i.e. a free abelian group of finite rank. Its dual 
Homz(A^, Z) is usually denoted by M. Given a lattice L, we set Lq := 
L (g)z Q and Lr := L ®z R- 

- a cone is supposed to be pointed and polyhedral. 

- we call a real- valued function f : K -^M. defined over some convex subset 
K cM!' concave ii f{txi + (l-t)x2) > tf{xi) + {l-t)f{x2) foranxi,a;2 £ K 
and < < < 1. 

2.1. Polyhedral Divisors and Divisorial Fans. 

Definition 2.1. A T-variety is a normal variety X together with an effective 
algebraic torus action T x X X . Its complexity is defined as the codimension of 
a generic T-orbit. 

The most prominent and best understood T-varieties are those of complexity 
zero. They can be described via the combinatorial language of polyhedral fans and 
are much better known under the name of toric varieties. 
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Let T be a fc-dimensional afBne torus (C*)'^), and let M, N denote the mu- 
tually dual, free abelian groups (= Z'"') of characters and one- parameter subgroups, 
respectively. In particular, T can be recovered as T = SpecC[A:f] = TV C*. 
For a polyhedral cone a C Niq we may consider the semigroup (with respect to 
Minkowski addition) 

Pol+(A^, a) := {AC Nq \ A = polyhedron with tail A = ct} C PolQ(iV, a) 

where tail A := {a e A'q | A + a C A} denotes the tailcone of A and Pol 3 Pol^ is 
the associated Grothendieck group. 

On the other hand, let 1" be a normal and semiprojective variety, i.e. 1" — > Yq is 
projective over an affine Yq. By CaDiv(F) we denote the group of Cartier divisors 
on Y . A Q-Cartier divisor on Y is called semiample if it has a positive, base point 
free multiple. For an element 

2? = ^ A ® A e PolQ(iV, ct) ®z CaDiv(y) 

i 

with 2?i G Pol^(iVQ, ct) and effective divisors Di, we may consider its evaluations 
V{u) := min(2?„ u) D, G CaDivQ(y) 

i 

on elements m G ct^. Since we always want to assume that Y is projective, we 
will explicitly allow G PoIq {N, tail V) as polyhedral coefficients of V. Then, 
V = J2i^i ® should be interpreted as J2v =^<;i'^i ® -Di|Loc-D with LocV := 

We call 2? a p-divisor if the X'(u) are semiample and, moreover, big for u G 
relintCT^. The common tailcone ct of the coefficients 2?i will be denoted by tail P. 
The positivity assumptions imply that 2?(w) + T^{u') < 'D{u + u'), so that AiV) := 
©«e(T^nJ\/ ^Locp(25(u)) becomes a sheaf of rings. We then define the following two 
T-varieties 

TY(V) := SpecLo, ^ A{V) and TY{V) Spec r(Loc V, A{V)) . 

Note that this construction comes with a natural contraction map r : TV(2?) — >■ 
TV(X') which identifies certain T-orbits in TV(2?) and, furthermore, a quotient 
map TT : TY(V) Loc V. 

TV(X') does not change if V is pulled back via a birational modification Y' Y 
or if V is modified by a polyhedral principal divisor on Y where the latter denotes 
an element in the image of the natural map Ni^z^{Y)* — J> Po1q(A^, a)(^zGaDiv{Y) . 
Two p-divisors that differ by chains of the upper operations are called equivalent. 

Theorem 2.2. Cf. |AH06[ Theorems 3.1 and 3.4; CoroUary 8.12]. The map V 
TV(X') yields a bijection between equivalence classes of p-divisors and normal, affine 
varieties with an effective torus action. 

2.2. Complexity-One T- Varieties. Having established the theory of affine T- 
varieties for arbitrary complexity in the previous section, we will from now on 
restrict to complexity one (k = d—l). This restriction comes with a lot of technical 
simplifications, because Y =: C becomes a smooth projective curve. For example, 
introducing the addition rule A-l-0 := 0, we may define the degree of 2? = J^i T^i®Di 
as 

degP := ^(deg A) • A £ Pol4^(iV, tailP). 

i 

In particular, degP = <^ LocV ^ C LocV is affine. This easily implies the 
following criterion: V is a p-divisor if and only if deg V C tail V and, additionally. 
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X'((> 0) • w) is principal for w G (tailP)^ with D (dcgV) ^ 0. Note that the 
latter condition is automatically fulfilled if C = P^. 

The assignment V M> TV(I?) from Theorem 12.21 is functorial. In particular, as 
was shown in [IS], if P is a p-divisor containing some T>' — J2i T^'i ® Di (meaning 
that T>^ C Vi for all i), then V is again a p-divisor which induces a T-equivariant 
open embedding TV(P') ^ TY{V) if and only if V < P, i.e. if aU coefficients 

< Vi are faces, and AegV = degV n tail I?'. 

In particular, if p-divisors "V^ are arranged in a so-called divisorial Jan S — {2?"}, 
then we can glue the associated affine T- varieties TV(X''') to obtain a separated 
TV(5) = U,.TV(P''), cf. I.AHS08) . The slices S, = {PJ'} form a polyhedral subdi- 
vision in iVQ, and tail 5 := {tailPi} is called the tailfan of S. 

Moreover, the subsets degP C tailP glue to a subset deg5 C |tail5| C A'^q. 
Roughly speaking, we understand that S — J^i^i ^ ^i- Yet, to keep the full 
information of the divisorial fan S one needs a labeling of the iSj-ccUs indicating 
the p-divisor they come from. However, following 15^, the technical description 
can be reduced considerably since one may eventually forget about the labeling. 
Instead, one only needs to mark those cones tailP; inside tailiS which have non- 
empty degl?i. The marked cones together with the formal sum S = J^i^i 
then yield a marked fansy divisor associated with the divisorial fan 5, cf. (j2.4p . 

2.3. Toric Downgrades. A handy technique to generate instructive examples is 
to consider toric varieties with an effective subtorus action (cf. |AHS08[ Section 5]). 
Let TV(S) be a (complete) d-dimensional toric variety with embedded torus T^. 
Fixing a subtorus T^i ^ T/y then corresponds to an exact sequence of lattices 

^A'— ^A— ^Af" ^0 . 

By choosing a cosection s : N —> N' , we induce a splitting N = N' (B N" with 
projections s : A^ ^ TV', and F : A^ ^ N" . Set Y := TV(S]'), where E' is an 
arbitrary smooth projective fan E' refining the images P{5) of all cones (5 e E. Then 
every cone a £ E(£i) gives rise to a p-divisor . Namely, for each ray p' G E'(l), 
let Upi denote its primitive generator and set 

Vp,{a) = S(^{P^^{np,)r\a) and V ^ Vp,{a)®Dp,. 

p'es'(i) 

Finally, {f^}(jgx;(d) is a divisorial fan. Observe that for certain p-divisors and 
rays p' G E'(l) the intersection Pq^^(npi) fl a may be empty. In this case we have 
that Vp,{a) = 0. 

Example 2.3. We consider the n'th Hirzebruch surface F„ as a IK*-surface via the 
following maps of lattices 

F-^l). 1 ) , ,s=( 1 ) . 

The slices of the divisorial fan S which arise from this downgrade are illustrated in 
Figured] More specifically, we have that 

= [0, oo) ® [0] + ® [oo], = [-l/n 0] ® [0] -I- ® [oo] , 

V"^ = (-00 - l/n] ® [0] , V"'^ = [0] + [0 oo)® [oo] . 

2.4. Marked Fansy Divisors. A marked fansy divisor on a curve C is a formal 
sum 

S= ^Sp®[P] 

Pec 

together with a complete fan E C Aq and a subset C C E such that 
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Figure 1. Divisorial fan associated to F„, cf. Example 12.31 

(1) for all P G y, the coeflicient Sp is a complete polyhedral subdivision of 
TVq with tailSp = S. 

(2) for a cone ct G C of full dimension the p-divisor = J^p T^p'^iP] is proper 
where Vp denotes the unique polyhedron in Sp whose tailcone is equal to 

(7. 

(3) for a full dimensional cone cr e C and a face t ^ a we have that t G C if 
and only if deg P'^ n r 7^ 0. 

(4) if r is a face of a then t E C implies that cr G C 

The elements of C C S are called marked cones. Given a marked fansy divisor 
S on the curve C one can construct a complete divisorial fan S with = S. 

Moreover, two divisorial fans Si,S2 with = S(iS2) yield the same T- variety 

TV(5i) = TV(52), cf. [El Proposition 1.6]. 

Conversely, one can easily associate a marked fansy divisor to a given divisorial 
fan S by setting 

E{S) := ^Sp(g)[P], and C{S) := { tailP | P G 5, LocP C} . 
p 

Note that the elements of C(5) capture the information of which orbits are identified 
via the contraction r : TV(5) TV (5). 

Example 2.4. The marked fansy divisor for F„ as depicted in Example 12 .31 consists 
of the following data: 

Eo = So, Soo=5oo, S = tail5, C = {(-oo,0]}. 

2.5. Divisorial Polytopes. Following [IS], we also briefly recall the description 
of polarized complexity-one T-varieties in terms of divisorial polytopes. This cor- 
respondence is a generalization of the relation between polarized projective toric 
varieties and lattice polytopes. 

A divisorial polytope (4', □, C) consists of a lattice polytope □ C Mq, a smooth 
projective curve C, and a map 

4-=^5-p(^[P]: □ — y CaDivQ C , 
pgc 

with concave piecewise affine linear "coordinate" functions ^I'p : □ — > Q such that 

(1) for all but finitely many P G C we have that 'J'p = 0. 

(2) deg ^'(u) > for M in the interior of □; 

(3) for u a vertex of □, deg > or 0; 

(4) for all P G C the graph of 4'p is integral, i.e. its vertices lie in M x Z. 
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See [ISl Section 3] for a description how to construct a marked fansy divisor 2(4') 
from a triple (4', □, C). The crucial fact about this construction is that it provides 
us with a one-to-one correspondence between divisorial polytopes and pairs (X, C) 
of complexity-one T varieties X with an equivariant ample line bundle C via the 
map 

cf. HSl Theorem 3.2]. 

2.6. Invariant Weil Divisors. For more details on the current subject we refer 
the reader to jPSi Section 3]. Let 2? be a p-divisor on the curve C. The elements 
of the set of invariant prime divisors in TV(I?) split into two different types. On 
the one hand, we have the so-called vertical divisors 

D(p,v) := orb(P,w). 

They are associated with prime divisors P Cz C together with a vertex v G 2?p. On 
the other hand, there are the so-called horizontal divisors 

Dp :=^(77(C),p). 

These correspond to rays p of the cone tail I? = I',,(c)i where ri{C) denotes the 
generic point of C. The invariant prime divisors in TV(P) then correspond ex- 
actly to those on TV(X') which are not contracted via r : TV(P) TY{V). 
Finally, we denote the free abelian group of T-equivariant Weil divisors in TV (2?) 
by T-DivTV(r»). 

Note that the vertical divisors -D(p,«) (with P e C(K) and v E Dp) survive 
completely in TV(P) whereas Dp becomes contracted if and only if the ray p is not 
disjoint from deg V. 

Definition 2.5. Let 2? be a p-divisor on the curve C. The set of rays p G (tail 2?) (1) 
with deg 2? n p = is denoted by TZ{V). Given a divisorial fan S on C, we set 
n{S) {'R{V)\VeS}. 

2.7. Divisor Classes. We keep the notation from (|2.6I) and denote by IK(C) the 
function field of C. The ring of semi-invariant, i.e. M-homogeneous rational func- 
tions on TV(iS) is then given by IK(C)[M]. For v S Nq let p,{v) be the smallest 
integer fc > 1 such that fc • w is a lattice point and denote by Up the primitive 
generator of the ray p. According to |PS1 Proposition 3.14] the principal divisor 
associated to /x" £ K{C)[M] on TV(2?) or TV(D) is then given by 

div (/x") = ^{np,u)Dp + ^ p{v){{v,u) + ordp f)D(p^^) 

P (P,v) 

where, if focused on TV(2?), one is again supposed to omit all prime divisors being 
contracted. 

Let S = X^pgpi Sp ®[P]he a. complete divisorial fan on C = P^. In particular, 
degiS C I tail 5 1 = Nq. Choose a non-empty finite set of points P C such that 
Sp is trivial (i.e. Sp — tail 5) for P G P-'^ \ P. For a vertex v from some slice of S 
we denote by P{v) G P^ the point which is associated to the slice we have taken v 
from. Let us furthermore define V := {w G iSp(O) | P G V} and the following two 
natural maps 

Q :jJ^viMZ) ^jV with e{v) ^ niv) e{p{v)) and e{p) ^ , 

and 

(j) : Z^^^'^) -J> N with e(i;) ^ fi{v)v and e{p) ^ Up 
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with e{v) and e(p) denoting the natural basis vectors. Deducing from (|2.6p that 
(•^(vuK)-) ^ T-Div(TV(5)), the discussion from above imphes that one has the fol- 
lowing exact sequence describing the class group C1(TV(5)) of a complete rational 
complexity-one T variety TV(tS) (see also |AP[ Corollary 2.3]): 

^ {Z'^/Zy © Af -> (Z^^u'^y C1(TV(5)) ^ 

where the first map is induced from {Q,(j)). 

With a view towards upcoming examples we finally recall that the canonical 
class of TV(iS) can be represented as 

KTvis) = - ^P+Yl ('^(") cocSp{Kc) + n{v) - l)D(p^^) , 

p^n{s) (p,v) 

where Kc is a representative of the canonical divisor on C (cf. fPS', Theorem 3.21]). 

2.8. Invariant Cartier Divisors. Let 5 be a divisorial fan on the curve C. A 
divisorial support function on iS is a collection {hp)p^c of continuous piecewise 
afEne linear functions hp : \Sp\ Q such that 

(1) hp has integral slope and integral translation on every polyhedron in the 
polyhedral complex Sp C N(^. 

(2) all hp have the same linear part —: h. 

(3) the set of points P E C for which hp differs from h is finite. 

Observe that we may restrict an element hp G SF(iSp) to a subcomplex of 5p. 
More generally, we may restrict a divisorial support function h G SF(5) to a p- 
divisor V ^ S. The latter restriction will be denoted by /ijij. 

In addition, we can associate a divisorial support function SF(_D) to any Cartier 
divisor D G CaDiv(C) by setting SF(D)p = coeffp(-D). Moreover, we can consider 
any element u G M as a divisorial support function by setting SF(m)p = u. 

Definition 2.6. A divisorial support function h G SF(5) is called principal if 
h — SF(u) -f SF(D) for some u ^ M and some principal divisor D on C. It is called 
Cartier if its restriction is principal for every T) ^ S with Loci? = C. The set 
of divisorial Cartier support functions is a free abelian group which we denote by 
CaSF(5). 

Let TV(iS) be a complexity-one T- variety and denote by T-CaDiv(TV(iS)) the 
free abelian group of T-invariant Cartier divisors on TV(iS). Proposition 3.10 from 
[PS] states that T-CaDiv(TV(5)) ^ CaSF(5) as free abelian groups. Thus, we wih 
often identify an element h G CaSF(iS) with its induced T-invariant Cartier divisor 
Dh via this correspondence. Finally, we recall that the Weil divisor associated to a 
given Cartier divisor h = {hp)p on TV(iS) is equal to 

-^MjipjDp - ^ n{v)hp{v)D(p^yy 

p {P,v) 

2.9. Global Sections. Consider an invariant Cartier divisor Dh together with its 
associated equivariant line bundle 0{Dh) on TV (5). Due to the torus action we 
have an M-module structure on the K-vector space of global sections which decom- 
poses into homogeneous summands with respect to the elements of the character 
lattice 

T{TY{S),0{Dh)) - r(TV(5),O(A0)„- 

ueM 

The so-called set of weights of Dh is defined as 

W(h) W{Dh) := {u e M \T{TY{S),0{Dh)),^^ ^ 0} . 



8 



L. PETERSEN 



We will now see how to bound W{h) by a polyhedron which is defined via h S 
CaSF(<S) and how to describe the homogeneous sections of a fixed weight u G M 
in terms of rational functions on the curve C. 

Definition 2.7. Given a Cartier support function h = {hp)p on S with linear part 
h we define its associated weight polyhedron as 

Dh := {u e M I {u, v) > h{v) for all v & N} . 

In addition, we define the map h* : D/i — )• DivQ C by 

h*{u) := ^/ip(u)P := minyg^p {u — hp)P, 
p P 

where miuvgSp {u~hp) denotes the minimal value of the continuous piecewise linear 
function u — hp along the vertices of Sp . 

The weight polyhedron captures the restriction of h to the generic fiber TV(tail S) . 
It is compact if and only \fS is complete, and its tailcone is given as the intersection 
of the dual cones of the elements in tail 5. Given a Cartier divisor Dh G T-CaDiv(5) 
with linear part h we have the following description of its global sections (cf. |PS[ 
Proposition 3.23]): 

(1) W{h) is a subset of D/j. 

(2) For a character u e D/j we have that 

T{T\{S),0{Dh))^^T{hocS,Oi^,,s{h*{u))). 

2.10. Examples. 

Example 2.8. We consider the downgrade of the second Hirzebruch surface F2 as 
described in Example 12.31 together with the line bundle C = 0{D) given through 
the following generators of the global sections over the afiine charts 1/^^ ■ 

Uao = [0 0], =[10], = [3 1], =[0 1]. 

Note that C is very ample and defines an embedding into P^. One can describe 
the embedding by a polytope Pd C Mq = which is the convex hull of the Ua-- . 
It contains six lattice points which form a basis of the K- vector space r(F2,>C), 
cf . Figure [2ja) . Using the toric downgrade construction from (j2.3p , one finds that 
C = 0{D) with 

D = £'([0],-l/2) + £'([oo],0)- 

By we have D/j = {u e Z | 3 > m > 0}, and 

r(F2,i?^)o = r(pi,o([oo])) , r(F2, = r(p\o{[oo])) , 

r(F2, Dh)2 = r(pi, o([oo] - i/2[o])) , T(¥2,Dhh = r(pi, o([^] - [0])) . 

On the whole, they sum up to a six dimensional vector space as expected from 
the toric picture. The corresponding graphs of /iq ^.nd h"^ are shown in Figure 

[ab)+(c). 




Figure 2. Weight polytope and its divisorial analogue of the very 
ample line bundle 0{D) on F2, cf. Example 12.81 
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-2 -10 1 2 

(a) Si (b) So (c) Soo 

Figure 3. Non-trivial slices of S{Q), cf. Example 12.91 

Example 2.9. The divisorial fan associated to the smooth quadric Q = TY{S) in 
P** as presented in S ii.fi. Example 1.10] is given in Figure [31 Note that Q is Fano, 
i.e. —Kq is ample. The associated tailfan S and degree degiS are given in Figure 
m All maximal p-divisors have complete locus, i.e. TZ~% and all rays in the tailfan 
are marked. 




-3-2-10123 -3-2-10123 



(a) S = tails (b) dcg5 

Figure 4. Tailfan and degree oiS{Q), cf. Example 12.91 

Let us consider the the anti-canonical divisor which may be represented as 
3-D[oo]^(i/2.i/2)- The weight polytope D/j associated to the corresponding support 
function h is given in Figure [SJa). 




(a) The weight poly- (b) The weight poly- 

tope of 0{-Kq). tope of 0(-Xp(n^,)). 



Figure 5. The weight polytopcs from Examples 12.91 and [ 2.101 

Example 2.10. We consider the smooth projective complexity-one Fano T-three- 
fold P(J7p2) from |AHS08[ section 8.5]. The non-trivial slices of its divisorial fan 
S over are illustrated in Figure [HI whereas S = tail iS and deg S are given in 
Figure [3 As in the previous example, all maximal p-divisors have complete locus, 
i.e. 71 = and all rays in the tailfan are marked. 

Again, we consider the ample anti-canonical divisor i^p^fj^^) ^-nd use Kpi = — 2[0] 
as a representative of the canonical divisor on P^ . We obtain that 

-Kr(n^2) = 2-D[o]^(o,o) + 2-D[o]^(o,i) ■ 
The weight polytope of the corresponding support function is pictured in Figure 
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(a) <So (b) Si (c) Sao 

Figure 6. Non-trivial slices of 5(P(rjp2)), cf. Example [^HH 
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(a) S = tails (b) dcg5 



Figure 7. Tailfan and degree of 5(P(r2p2)), cf. Example [2J0l 

3. Okounkov Bodies 

The aim of this section is to compute Okounkov bodies of complexity-one T- 
varieties. After recalling the general construction and some results from toric geo- 
metry, we construct two types of admissible flags in the complexity-one setting 
and describe the associated Okounkov bodies. Furthermore, we compute them for 
various examples. 

If not stated otherwise all divisors in this section are supposed to be Cartier. 

3.1. Construction. In a series of papers |Oko96[ FOkoOS) on log-concavity of mul- 
tiplicities Andrei Okounkov gave a procedure to associate a convex set to a linear 
system on a projective variety. Although Okounkov essentially worked in the set- 
ting of ample line bundles, the construction works perfectly well for big divisor 
classes. Robert Lazarsfeld and Mircea Mustafa thoroughly studied this setting and 
recovered many fundamental results from the asymptotic theory of linear series, cf. 
[LM]- 

Let us now briefly recall the construction of the so-called Okounkov body as 
presented in |LM1 Section 1]. Denote by X a projective variety of dimension d and 
fix a flag 

Y, : X^YoDYiDY2D---DYd-iDYd^ {pt} , 

consisting of subvarieties Yi of codimension i in X each of which is non-singular at 
the point Y^. A flag Y, as above will be called an admissible flag. 
For any divisor D on X one can define a valuation-like function 

lyy.^D ■.{H°{X,Ox{D))\{0})^Z'', s ^ lyY.M^) ^ i'^iis), ■ ■ ■ , '^d{s)) 

by an inductive procedure. Restricting to a suitable open neighborhood of the 
smooth point Yd, we may assume that Fi+i is a Cartier divisor on Yi for < i < d—1. 

To begin with, we set i^i(s) = ordYi(s) where ordi'^(s) denotes the vanishing 
order of s along Yi. In other words, it is equal to ordYi(div(s) +D). By choosing a 
local equation for Yi in A" , our section s determines in a natural way a section 'si S 
H^{X,Ox{D ~ 1^1(5)11)) which does not vanish identically along Yi. Restricting 
'si to Yi gives us a non-zero section si G _ff"(Yi, C'y^(Z) — i^i(s)Yi) and we set 
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^^2(5) — ordy2(si). We can define the remaining i^i(s) analogously and thus obtain 
the valuation vector (j^i(s), . . . , i^d{s)) associated to s £ T{X, Ox{D))- 

Observe that the valuation-like function vy,,- has the following properties: 

(1) Ordering Z'' lexicographically, 

i^y..d{si + S2) > Toam{iyY.M{si),i^Y..D{s2)} 

for anysi,S2 er(X,Ox(-D))\{0}. 

(2) For s e r{X, Ox{D)) \ {0} and t e r{X, Ox{E)) \ {0} 

'^Y..D+e{s (E)t) = yy.^Dis) + VY.,E{t) . 

Working with a fixed divisor D we will often simply write h'y, (s) instead of i'y,,d{s)- 
Moreover, we denote by t^y.(L') the set of all ^'y.(s) for s e T{X, OxiD)) \ {0}. 

Definition 3.1. Let X be a projective variety, D a divisor on X and Y, a fixed 
admissible flag. The graded semigroup of D with respect to the flag Y, is the 
subsemigroup 

^Y.{D) = {(i^y.(s),m) |s e T{X,Ox{mD)) \ {0}, m > 0} C N'' x N. 

Definition 3.2. Let X be a projective variety, D a divisor on X, and Y, a fixed 
admissible flag. The Okounkov body of D with respect to the flag Y, is defined as 



Ay. {D) = conv( |J 1/m • uy, (mD)) C 



m> 1 

By construction, we have that Ay,{D) C R>o- It is shown in [LMI Theorem 
2.3] that vo\]g^d{AY,{D)) = vo\x{D)/dl for a big divisor on a projective variety 
X of dimension d, where 

dimTjX, Ox{mD)) 
YolxiD) = hmsup -— . 

r?j.— s-oc m / ai 

If D is nef this quantity is equal to the top self-intersection number D"^, see |Laz04[ 
p. 148]. In particular, Ay,{D) has a non-empty interior. Furthermore, Ay,{D) 
only depends on the numerical equivalence class of D (cf. [LMI Proposition 4.1]), 
and Ay. (kD) ~ k-Ay, (D). This equality moreover says that Ay. (■C) is well defined 
for big classes ^ G N^{X)q. Indeed, we simply set 

Ay.iO :=^Ay.(fc-0 

for some k G Z>i such that fc • ^ G N^{X). 

Using the correspondence between Cartier divisors and line bundles on X, we 
will sometimes switch notation from Ay,{D) to Ay, (£) if £ = Ox{D). 

Note that Okounkov bodies may very well be non-polyhedral, and even when 
polyhedral they often are not rational, cf. [LMI 6.2-6.3]. Nonetheless, a very nice 
feature is that the set of Okounkov bodies Ay, (^) for all big rational classes ^ G 
N^{X)q fit together to a global convex object. 

Definition 3.3. Cf. |LM[ Theorem 4.5]. Let X be a projective variety and Y, a 
fixed admissible flag. The global Okounkov body Ay, (X) of X with respect to the 
flag y, is deflned as the closed convex cone Ay.iX) c K'^ X N^{X)m such that the 
fiber of the projection x N^{X)s. -)> N^{X)k over any big class ^ G N^{X)q is 
equal to Ay, {£_). 

By construction the global Okounkov body projects to the pseudoeffective cone 



Eff = Big(X) cN\X)ji 
which is the closure of the big cone Big{X). 
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3.2. Toric Varieties. Let TV(S) be a smooth projective toric variety of dimension 
d which is given by a fan E in Nq, and let m be the number of rays p G 
corresponding to the torus invariant prime divisors in X . Recall the exact sequence 

— > M Z™ ^ Pic(TV(E)) — > . 

Supposing the admissible flag Y, to be invariant, one can order the invariant prime 
divisors of TV(I]) in such a way that Yi — DiD . . . CiDi. The set of the correspond- 
ing rays {pi, . . . pd} clearly spans a smooth d-dimensional cone which we denote by 
a. It corresponds to the fixed point Yd. Taking the primitive generators rii of these 
rays as a basis for the lattice N, we obtain a splitting of the above exact sequence 
into 

iP: Z'^ X Pic(TV(I])) — > Z™ 
with ^~^{D) = {q{D),-pi{D)) and q : Z™ TU^ being the projection onto the 
first d coordinates. We denote by : Af the map which is given by = 

((m, ni))i<i<d. Moreover, we denote by Pd C Mr the polytope whose lattice points 
correspond to the homogeneous global sections of 0{D). 

Proposition 3.4. Cf. |LM[ Proposition 6.1]. Let TV(S) be a smooth projective 
toric variety, and let Y, be an admissible flag of invariant subvarieties chosen as 
above. 

(1) Given any big equi variant line bundle C on TV(I]), let D be the unique 
T-invariant divisor such that C ~ 0{D) and its restriction to the affine 
chart Ua is trivial. Then we have that 

Ay.(/:) = 0e(Pd). 

(2) The global Okounkov body Ay, (TV(S])) is the inverse image of the non- 
negative orthant R"q C R™ under the isomorphism 

: M"^ X Pic(TV(E))R ^ R" . 

3.3. Two Types of Invariant Flags for Complexity-One T- Varieties. Let 
TV(iS) be a projective T-variety of complexity one which contains at least one 
smooth point Xfix that is fixed under the torus action. The aim of this section is to 
construct T-invariant admissible flags Y, in TV(5) with Yd = a;fix which will then 
be used for the computation of Okounkov bodies. 

As before, we denote by 7-" C C a non-empty finite set of points in C such that 
the slice Sq over a point Q £ C \ P is trivial. 

Definition 3.5. A point Q G C \ P is called general. 

A slice Sq for a general point Q G C is equal to S := tail 5, meaning that the 
fiber of the quotient map tt : TV(tS) C is equal to the toric variety TV(S). In 
particular it is reduced and irreducible (cf. |AH06[ Section 7]). 

In the following, we will present the construction of several types of admissible 
T-invariant flags in TV(iS) which will depend upon the choice of a smooth fixed 
point Xfix G TV (5). 

General Flags. 

Gi We assume that a;fix lies over a general point Q € Y and that the maximal 
cone (Tfix G E corresponding to ccgx is not marked, i.e. crgx C{S) (see (12. 4p ). We 
set Yi := r{TT~^{Q)) = TV(E) and proceed as in the toric case for the remaining 
elements of the flag. Namely, we label the rays in the smooth cone dfix from 1 to 
d - 1, i.e. (7fix(l) = {pi, ■ . ■ ,Pd-i} and we define Apik) := (pi, . . . , pk). Thus, we 
see that Ap {k) corresponds to a T-orbit of codimension k in Yi which allows us to 
define Y^+i r(orb(AF(«))) C Yi for 1 < i < d — 1. It is not hard to see that such 
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a flag is admissible. 

G2 We assume that the maximal cone aa^ G S corresponding to Xfix is marked, 
i.e. CTfix G C{S) and smooth. Hence, we can now proceed as in the construction of 
an admissible flag of type Gi by picking a general point Q and identifying x^x with 
the orbit that corresponds to the cone crfix G tailiS = Sq. 

Toric Flags. 

Ti We assume that the maximal cone aa^ G S corresponding to Xfix is not marked 
and that xgx lies over a point P £ V. Since Xfix is smooth we are in a formal-locally 
toric situation. Indeed, after a suitable refinement of the invariant covering, we can 
assume that Xfix is contained in an affine open subset TV{V"'''^) C TV(iS) for a 
p-divisor D'^ti^ with locus contained in {Y \ V) U {P} and tailfan crfix. According 
to jSiifii Theorem 3.3], we have that ( TY{'D°'''^),xtix) is formally isomorphic to the 
smooth afhne toric variety ( TV((5fix), orb((5fix)) with 

5fix = Q>o ■ ({1} X P^'-'") c Q>o X Nq . 

The rays of Sa^ are given through the vertices of Dp" in height 1 and the rays of 
the tailcone crfix in height 0. The admissible flag then arises as in the toric setting 
by an enumeration of the rays of Snx, cf. p.2p . 

T2 We assume that the maximal cone crfix G S corresponding to Xfix is marked. 
Since Xfix is smooth we are in a Zariski-locally toric situation. Indeed, according to 
[Siifil Proposition 3.1] we have an affine open T-invariant subset TV(X'°'f'>') C TV(tS) 
such that 

2?"'-"' ^ 2?pf «) [Pi] + Ppf ® [P2] ■ 
Thus, after adding a principal p-divisor, we may assume that V^f'^ G 5 is equal 
to the r.h.s. Hence, we see that TV{'D°'''^) is isomorphic to the smooth affine toric 
variety TV(5fix) with 

(5fix = Q>o ■ ({1} X Pjf U {-1} X Pjf ) c Q X iVQ . 

The rays of (5fix are given through the vertices of Vp^'' and 2?^'''. In particular, we 
have a natural upgrade of the torus action. We now construct an admissible flag 
as in the toric setting by numbering the rays of (^gx- 

Remark 3.6. a) If the maximal cone crfix corresponding to the smooth fixed point 
Xflx is marked then we must have that C = (see jSiifii Proposition 3.1]). 

b) Considering a toric variety TV(S]) as a complexity-one T- variety via the down- 
grade method we presented in (j2.3L it is not hard to check that the admissible 
invariant flags constructed above comprise those which are invariant under the 
original (big) torus action. 

c) Note that the existence of one admissible general flag implies the existence of a 
one parameter family of these since Q may be chosen from \ V. 

The subsequent lemma by Jose Gonzalez (cf. |Gon[ Lemma 4.5]) is an important 
ingredient for the computation of Okounkov bodies in T-invariant settings. 

Lemma 3.7. Let X be an affine T- variety together with an admissible flag Y, : 
X = Yq D ■ ■ ■ Z) Yd of normal T-invariant subvarieties such that Yi^i = div h^^ C Yi 
for a rational semi-invariant function , (1 < i < d ^ 1), Ui G M . For a rational 
function g G K{X) that decomposes as g = J2 9uj into homogeneous components 
with respect to elements Uj G M, we have that vy.id) G {^Y,{9uj)}- 

It is indeed not hard to check that our construction of general and toric flags 
allows for a reduction to the setting of the above lemma. 
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Remark 3.8. In [Gonl Section 4.1], Jose Gonzalez gave a construction for a T- 
invariant flag on projectivized rank two toric vector bundles over smooth projective 
toric varieties. Using the description of these projectivized bundles in terms of p- 
divisors (cf. jAHSOSi Proposition 8.4]), one sees that those flags are of type T2. 

3.4. Okounkov Bodies for General Flags. Let us recall some notions which 
were introduced in (|2.9p . Given a T- invariant Cartier divisor Dh on TV(5) we 
denote by Dh the Cartier divisor which is defined on TV(tailiS) via the linear part 
of h. Furthermore, we have the map 

h*p -.Uh^Q, M miuvesp {u - hp) , 

for every point P G y. For the ease of later computations, we introduce the 
following notion. A T-invariant divisor Dh on TV(5) is called normalized with 
respect to the general flag Y, if /iglp^fix = 0. In particular, this implies that 

Theorem 3.9. Let TV(iS) be a projective T-variety of complexity one together 
with a general flag Y,. Consider a T-invariant big divisor Dh on TV (5) which is 
normalized with respect to Y,. Denote by Dh the associated invariant divisor on 
the toric variety Yi = TV(E), where S = tail 5, and consider the induced flag Y>i 
on Yi . Then we have that 

^Y.{Dh) - e R X W'-^ \ w e Ay^,(i?^), < x < deg h* {(j}^\w))] , 

where (/)r is equal to the map which was introduced in the toric setting of p.2p . 
Moreover, lS.Y^^{Dh) — 0K(n/i_) denotes the Okounkov body of Dh on Yi with 
respect to the flag Y>i. In particular, Ay, (Dh) is a rational polytope. 

Proof. Note that 

mhp( — u) — (mh)*p(u) for m G Z>i , u € Oh ■ 

m ^ 

Let us first prove the inclusion " C " . It is enough to show that ;^i^(s) is an element 
of the r.h.s. for any homogeneous non-zero section s G r(TV(iS), 0{Dmh)) and any 
m > 1. We write s = fx" where u = (j)^^{w) denotes the weight of s and / G ]K(P^). 
Due to convexity and the results in the toric setting for Yi>i, it is enough to show 
that 

deg h*(—u) > —i^i(s) > 0. 
m m 

Since Dh is normalized we have that /ig = and i^i{s) = ordQ(/) > 0. Further- 
more, 1^1 (s) is bounded above by X^Pec L(™'*)p('")J ■ Thus, we arrive at 

mdeg h*(—u) = deg (nih)*(u) > V \(mh)*p(u) \ > lyUs) > . 

Pec 

For the other inclusion, consider a point {x, w) E Q x Q'^^^ of the r.h.s., i.e. 

Ay-^^iDh) 9 w = 0q(w) 

for some u e Oh- Due to convexity and the fact that x < deg h*{u) with u = 
^Q^(w) it is enough to show that (deg h*{u),'w) G l.h.s. 

Since we only have finitely many non-trivial slices, each of which is a finite sub- 
division of iViQ, there exists a natural number N such that Dnh ^ Nu G M, and 
{Nh)*p{Nu) is an integer for every P E V. So the round-down is no longer necessary 
and we have 

A^deg h*{u) ^nY, ^p(") = {Nh)*p{Nu) = ^ l{Nh)*p{Nu)\ > 0. 
Pec Pec Pec 
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But then we can find a sequence of positive integral multiples kiN oi N and homo- 
geneous sections Si 6 T(TV{S),0{DkiNh)) of weight kiNu such that 

lim sup = deg h (u) 

which completes the proof. □ 

Thus, Theorcm l3.9l also relates divisorial polytopes □, C) to Okounkov bodies 

Ay.P*.), cf. (I23D. 

Corollary 3.10. Fixing a general flag Y, in the polarized complexity-one T-variety 
(TV(S(^')),0(i:'*.)) related to the divisorial polytope {'^',^,C), the associated 
Okounkov body Ay, arises, up to translation, from the convex hull of the 

graph of the function J^Pec^P ^^'^ polytope □. 

Remark 3.11. a) Fixing a big T- invariant divisor Dh together with an enumera- 
tion of the rays of dfix. Theorem 13.91 also shows that all resulting Okounkov bodies 
are identical since there is no dependence on Q E C \ P. 

b) Recall that the correspondence between divisorial polytopes and polarized pro- 
jective complexity-one T-varieties generalizes the correspondence between lattice 
polytopes and polarized projective toric varieties. In the same vein Corollarv l3.10l 
generalizes Proposition 13.41 

3.5. Okounkov Bodies for Toric Flags. Let TV(iS) be a projective T-variety 
of complexity one together with a fixed toric flag Y, . A T- invariant divisor is 
called normalized with respect to Y, if hliynx = 0. 
Moreover, we introduce the map 

CY. : T-CaDiv ( TY{S))^ ^ Q'', cy. [Dh), = coeffc. , 

where Di is the Weil divisor in TV(5) which is associated to the i'th ray of the 
cone (5fix arising from Y,. 

3.5.1. Using a Toric Flag of Type Ti. Recall that Xfix lies over a point P eV and 
the associated cone anx is not marked. Embedding Vp'" into {1} x Nq, we obtain 
a smooth cone Sfix C Q x Nq. Since Dh is normalized, a global section /x" S 
r{TV{S),0{Dh))u turns into the rational function of weight [ordp/, u] e Z x M 
where Z x M is the character lattice of the big torus acting upon TV(i5fix)- In 
addition, we define 

0:ZxM-^Z^ 0([ordp/,u]) = (([ordp/,u],n,)) 

V / l<i<d 

where Ui is the primitive generator of the i-th ray of (5fix fixed by the flag Y, . Note 
the similarity to the map used in (j3.2p . The next statement now follows easily from 
the toric discussion and the definition of h'Y,,Dh- 

Lemma 3.12. Let TV(iS) and Y, be as above. For a T-invariant divisor Dh on 
TV (5) we have 

'^Y.M.ifxn = Hi^^dp f,u])+CY.{Dh), 
where the last summand vanishes if Dh is normalized. 

Proposition 3.13. Let TV (5) be a projective T-variety of complexity one together 
with a toric flag Y, of type Ti and a normalized big T-invariant divisor Dh- The 
Okounkov body AY,{Dh) then results from a translation of the rational polytope 

W{h) := \{x,u) eQxDh\0<x + h*p{u) <degh*{u)] cRxR'^-'^. 
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which is induced by the ordered set of primitive generators of the rays of Sfix, i.e. 
an element w S W{h) gives us 

{{w,ni),...,{w,nd}) gR''. 
In particular, Ay, (i^/i) is again a rational polytope. 

Proof. The proof is essentially analogous to the proof of Theorem 13.91 □ 

3.5.2. Using a Toric Flag of Type T2. For the computation of the Okounkov body 
with respect to an admissible flag of type T2 we assume that 

Embedding Vp^" in {1} x Nq and Pp"" in { — 1} x Nq, we obtain a smooth cone 
(5fix C Q X Nq. As Dh is normalized, a global section /x" e r(TV(5), ©(D/^jj^ 
turns into the rational function of weight [ordp^ f,u] = [— ordp^ f,u] G Z x M. 
Again, the latter lattice is the character lattice of the big torus that acts upon 
TV((5fix). With the very same notation as in the previous section, we define 

: Z X M ^ Z^ </.([ordp, /, «]) = (([ordp, /, u],n,)) 

V / l<i<d 

This gives us 

Lemma 3.14. Let TV(iS) and Y, be as above. For a T-invariant divisor Dh on 
TV (5) we have that 

'^Y^Djfxl = Hi^rdp, f,u]) + CY.iDh) , 
where the last summand vanishes if Dh is normalized. 

Proposition 3.15. Let TV (5) be a projective T-variety of complexity one together 
with a toric flag Y, of type T2 and a normalized big T-invariant divisor Dh. The 
Okounkov body Ay. (i^/i) then results from a translation of the rational polytope 

W{h) := ^^{x,u) eQxDh\0<x + h*p^{u) <degh*{u)^ cRxR'^-^. 

which is induced by the ordered set of primitive generators of the rays of Jfix, i-C- 
an element w G W{h) gives us 

Hence, Ay. (f/i) is also a rational polytope. 

Proof. Replacing P by Pi the proof is identical to the proof of Proposition l3.13l □ 
3.6. Examples. 

3.6.1. Revisiting Toric Geometry. Considering a toric variety TV(E) with big torus 
T, we may downgrade to a torus action of complexity one where we denote the 
smaller torus by T'. It turns out that the set of T'-invariant admissible flags we 
have described in the previous section is much bigger than the set of admissible 
flags which are invariant under the action of the big torus T. Indeed, we essentially 
have a one-parameter family of choices for a general flag (depending on the choice 
of the point Q gF^\'P) whereas, in the toric setting, we are restricted to the flags 
which are associated to the finite (and possibly empty) set of T-flxed points, cf. 
(|3.2p . This means, for example, that we will now be able to compute Okounkov 
bodies even if there is no smooth T-invariant fixed point at all (see Example I3.18P . 
Moreover, computations of Okounkov bodies for a line bundle 0{D) with respect 
to some general T'-invariant flags can yield convex bodies that differ considerably 
from Pd. 

In the following, we will illustrate a few new features of Okounkov bodies asso- 
ciated to ample line bundles on some genuinely toric ]K*-surfaces. 
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Example 3.16. We return to our Example 12.31 and consider the n'tli Hirzebruch 
surface F„ as a K*-surface together with the ample line bundle £ = 0{Dp^ + Dp^). 
Our aim is to perform computations with respect to all flags discussed so far. 

The Toric Setting. The toric Okounkov body Az, (C) with respect to the flag 

then is given by the polytope which is pictured in Figure [UJa). 

A General Flag of Type Gi . To give such a flag, we choose a parabolic fixed point 
a^fix represented by the interval [0 oo) in the slice Sq for Q e \ {0, oo}. Then we 
define 

Zl: F„ Dr(7r-i(Q)) D (Q,[0oo)). 

Note that Dh ~ Dp^ +Dp^ already is normalized with respect to Zj. Using Theorem 
13.91 an easy calculation then shows that 

Azi (C) = conv{(0, 0), (1, 0), (1, 1), (0, n + 1)}. 

A General Flag of Type G2. We consider a general point Q G \ {0, 00} together 
with the flag 

Z! : F„ Dr(7r-i(Q)) D (Q,(-ooO]). 
Note that {Q,{—oo 0]) corresponds to the elliptic fixed point. We take Dh = 
(n + l)£'po + -Dpi which is linear equivalent to Dp^ + Dp^ and normalized with 
respect to Z^. An easy computation then shows that 

Az2{Dh) = conv{(0, 0), (0, n + 1), (1, n), (1, n + 1)}. 

A Toric Flag of Type Ti . Let us consider an admissible flag of type Ti which is 
associated to the hyperbohc fixed point xa^ represented by the interval [— 1/n 0] 
in the shce Sq- Numbering the rays of (5fix by (ri,r2) := (Q>o(l, 0), Q>o(?^, 
we set 

Using linear equivalence, we pass from Dp^ + Dp^ to Dh '■— Dp^ + Dp.^ to obtain 
a divisor which is normalized with respect to Z^. The graphs of the functions /iq 
and h'^ are given in Figure [51 Furthermore, we compute that 

W{h) = conv{(0, -1), (0, 0), (1, -1), (1, 0), (1, n)} C . 

Translating W{h) via {ur^^nr^) gives us 

AzsiDh) = conv{(0, 1), (0, 0), (1, n + 1), (1, 0)}. 

Moreover, it is not hard to check that fiags of type Ti with respect to the parabolic 
fixed points over or 00 yield identical Okounkov bodies. 



(0,1) {n+l,l) (1,1) 




(n + 2,0) 



(a) Az,{C). (b) Ay, (£), where the first and second 

coordinate have been interchanged. 

Figure 8. Okounkov bodies associated to different flags for an 
ample line bundle C on F„ , cf . Examples 13.161 and 13.171 
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(-1,0) 





(-1,1) 




(n,l) 


(0,0) ■ : 






{n, -1) 






(a) hi 




(b) hi. 





Figure 9. Graphs of and h*^, cf. Example 13.161 

A Toric Flag of Type T2. Finally, we compute the Okounkov body for a flag of 
type T2 with respect to the elliptic fixed point xnx- First, we order the rays of the 
induced cone by (ri,r2) := ((!3>o(l, -1), Q>o(-l, 0)) and set 

Moreover, we take Dh = {n + l)Dpg + Dp^ which is linear equivalent to Dp^ 
and normalized with respect to Z^. With these data we compute 



and obtain 



W{h) = conv{(0, -n - 1), (0, 0), (-1, -n - 1), (-1, -n)} 



Az4 {Dh) = conv{(n + 1,0), (0, 0), (n, 1), (n - 1, 1)}. 



Concluding Remark. This particular downgrade did not give us any "new" poly- 
topes. Indeed, one easily checks that all of them can be transformed into A^, (£) 
by an affine lattice isomorphism. 



Example 3.17. In contrast to Example 
which arises from the following data: 

1 
1 



we now choose the subtorus action 



F 



P 



1 -1 



(1 0) 



The associated divisorial fan is given in Figure[TT] Furthermore, let Q G P^\{0, 00} 
be a general point and fix the following general flag of type Gi: 

Y, : F„ Dr(7r-i(Q)) D (Q, [0 00)). 

See Figure [10] for the graphs of h*p and the right hand polytope in Figure [8] for 
a picture of the resulting Okounkov body Ay, (>C). Observe that this polytope 
corresponds to the toric variety P(l, 1, n + 2). 

Example 3.18. We consider the projective toric surface TV(S) whose primitive 
generators of the rays are given in the following list: 

i.l = (l,l), V2^{-IA), 1/3 = (-1,-1), i^4-(l,-l). 



(1,1) 




(n,l) 




(0,0) 




(0,0) 


(1.0) 












(a) hi 




(b) hi. 



(n, -1) 



Figure 10. Graphs of and h*^, cf. Example [3. 171 
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1— I * Ooo 

-i ° * 1 ^ tail5 

^ [ I " deg S 

\ \ ► So -i 

1 

(a) Relevant slices of S. (b) Tailfan and degree of S. 

Figure 11. Divisorial fan associated to F„, cf. Example 13.171 



Since all of its fixed points are singular we cannot find an admissible flag as chosen 
in the toric setting of (j3.2p . Nevertheless, we may perform a downgrade and choose 
the subtorus action that comes from 

F=(_\), P=(l 1), .= (1 0). 

The associated divisorial fan is given in Figure [T^ Next, we consider the ample 
line bundle £ — 0{2Dp^ + 2Dp^ ) which is given by the following generators of the 
global sections over the affine charts Ucn ■ 

Ua, = [0 0] , u,^ = [1 - 1] , u,, = [2 0] , u^, = [1 1] . 

Let Q S \ {0, oo} and fix the following general flag of type Gi: 

y. : TV(S) D r{TT-\Q)) D {Q, [0 oo)) . 

Invoking Theorem 13.91 we see that Ay, (£) is equal to 

conv{(0,0),(0,2),(l,0),(l,2)}. 

3.6.2. The Anti- Canonical Bundle on F{il.p2). 

A Toric Flag. For the construction of a toric flag of type T2, we consider the 
p-divisor V^^.^ whose tailcone crfix is generated by the rays (1,0) and (1,1). Note 
that the polyhedral coefficient Voo is trivial. Hence, we have that TV{'Da-i-^) = 
TV(5fix) = with Sfix being spanned by the rays pi,p2 and ps whose primi- 
tive generators are (1,0,0), (1,0, 1) and (—1, 1,0), respectively. We also take this 
enumeration for the definition of our flag, i.e. 

Y. : TV((5fi,) D Dp, D {Dp.nDp,) D {Dp, Ci Dp, Ci Dp,) = xn^ . 

An easy calculation according to Proposition 13.151 shows that Ay,{—Kx) C M.^ is 
the convex polytope whose vertices are represented as the columns of the following 

■* 1 ♦ Soo 

~ i ■* 1 tail S 

degS = 

< 1 ^ So 

1 
2 

(a) Relevant slices of S. (b) Tailfan and degree of S. 



Figure 12. Divisorial fan associated to TV(S]), cf. Example 13.181 
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matrix 

0202200\ 
2 2 2 0. 
0000224/ 

Interchanging the y and z-axes and scaling with the factor 1/2 gives us the same 
polytope which was computed in [Goni Example 6.1]. 

A General Flag. Let Q \ {0, 1, oo}. We consider the maximal cone spanned 
by the rays 5i = Q>o • (1, 0) and 52 — Q>o • (1, 1) together with the induced general 
flag of type G2: 

Y, : P(17p2) Dr(^-i(Q) = TV(5])) r{Ds,) ^ r{Ds, f^ Ds,) = x^^^ . 

Applying Theorem 13.91 we obtain that /S.y.{—Kx) C is the convex polytope 
with vertices represented as the columns of the following matrix 

0002000\ 
2 2 4 2 4. 
0022244/ 

3.6.3. The Anti- Canonical Bundle on the Smooth Quadric. Recall from Example 
12.91 that every maximal cone in the tailfan S{Q) is marked and singular. Hence, we 
may only construct a toric flag of type T2. 

So let us consider the p-divisor Vcf-^ whose tailcone crfix is generated by the rays 
(1, 1) and (1, —1). Note that the polyhedral coefficient Vi is trivial. Hence, we have 
that X(Do-fi^) = TV(<5gx) = ^ with 5f^^ being spanned by the rays pi,/02 and pz 
whose primitive generators are (1,0,0), (1,0,-1) and (—2,1,1), respectively. We 
also take this enumeration for the definition of our flag, i.e. 

Y, : TV(<5fix) D Dp, D {Dp.nDp,) D {Dp, Ci Dp, Ci Dp,) = XRy, . 

An easy calculation now shows that 

Ay. i-Kx) = conv{(0, 0, 0), (3, 0, 0), (0, 3, 0), (0, 0, 6)} c , 

whose normal fan corresponds to P(l, 1, 2, 2). 

4. Degenerations and Deformations 

4.1. Anderson's Approach. We will use our results from the previous section to 
investigate toric degenerations with a focus upon Dave Anderson's article [And] . 
Let us first recall some notions and notation from loc. cit. 

Let K denote a field (which we always think of as a function field K(A') over K) 
and equip Z'' with the lexicographic order. We fix a Z'^-valuation ly on K. For a 
finite-dimensional K-subspace V C K we denote by V"^ C K the subspace which 
is spanned by elements of the form /i ■ ■ • fm with /; G V. Furthermore, we set 

T{V) ~ r^{V) := {(m,z/(/)) e N X Z'^l / e y"\o} C N X z^ 

which is a graded semigroup. By coner(y) C M x R'* we mean the closure of the 
convex hull of r(V^). 

Following [KKj , one may define the Newton- Okounkov body of V as 

A{V) := A^(V) := coner(y) n ({1} x R''). 

Lemma 4.1. Let {X,jC) := (TV(S(*)), 0(L»*- )) be a polarized rational Q-factorial 
projective T-variety of complexity one which is associated to the divisorial poly- 
tope (4',n,P-'^). Furthermore, fix a general or toric fiag Y, in X. As above, we set 
V :— r{X,C) and v :— vy,- Then the associated semigroup F :— Ty{V) is finitely 
generated. 
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Proof. According to |And[ Lemma 2.2] it is enough to show that cone(r) is gener- 
ated by rn ({1} X Z"). But since we are in the rational case (C = P^) it is not hard 
to see that vy. {V"^ \ 0) C Z>q consists exactly of the m-fold sums of elements in 
vy. (y\0). Hence, A(y) = conv ({1} x i/y. {V \ 0)) which is a lattice polytope. □ 

Proposition 4.2. Let {X,C) be as in Lemma [4.11 and fix an integer m > such 
that mL becomes very ample. The image of X under the linear system \mC\ then 
admits a flat degeneration to the not necessarily normal toric variety 

X{r) Projfc[r] 

whose normalization is the toric variety associated to A(F). 

Proof. See [Andl Theorem 5.4]. □ 

We conclude this section with a result on degenerations of rational Q-factorial 
projective IK*-surfaces. Recall that a point w in a convex set i^T in a real vector 
space V is called extremal if it does not lie on a compact line segment contained in 
K. 

Proposition 4.3. Allowing for normalization after each degeneration step, every 
rational Q-factorial projective IK*-surface X degenerates to a weighted projective 
space. 

Proof. We may assume that X is toric with Picard rank > 2. Choosing an invariant 
ample divisor D and considering dPo as a circular graph whose vertices are the 
extremal points of Pd , we can find two extremal points ui,U2 G Pd of distance 
2, i.e. there is exactly one extremal point in between. In the next step, we choose 
a primitive generator v of (ui — 1*2)^ C to define a downgrade via the exact 
sequence 

^ (wi - U2)^ N ^ N/{ui - U2)-^ ^ . 

It follows that there is at least one elliptic fixed point Xfix (corresponding to the 
unique extremal point in between ui and U2). We continue by constructing a general 
flag Y, of type Bi with respect to xa^. The resulting Okounkov body Ay. {D) then 
has one extremal point less than Pjj since ui and U2 lie in the same fiber with 
respect to : M — > Hom^ ((wi — "2)^, Z). Hence, the Picard rank drops and we 
may proceed by induction. □ 

Remark 4.4. Proposition 14.31 can also be shown by using so-called degeneration 
diagrams, as presented in jilt 101 Section 6.2]. 

4.2. Ilten's Approach. The previous section focused on degenerations. Now, 
we reverse our point of view and investigate the link between "decompositions" of 
Okounkov bodies and T-deformations. For the development and detailed treatment 
of the latter we refer the reader to [lit 10] . In the following, we briefly recall the 
fundamental notion of Section 7.3 in loc. cit. 

We begin by recalling the notion of a decomposition of a divisorial polytope, 
cf. [IltlOi Definition 7.3.1]. Let * : □ DIvqP^ be a divisorial polytope. An a- 
admissihle one-parameter decomposition of 5* consists of two piecewise affine func- 
tions : □ ^ Q such that: 

(1) The graph of the map has lattice vertices for i — 0,1. 

(2) *o(w) = + a^liu) for all w e □. 

(3) For any full-dimensional polyhedron in □ on which ^I^o is affinc, has 
non-integral slope on this polyhedron for at most one i G {0, 1}. 

(4) If a 7^ 1, then always has integral slope. 
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It is explained in loc. cit. how to construct a one-parameter T-deformation 

■K : X ^ B 

of TV(S(vI')) over tlie affine base G S C = Spec K[<] from such a decomposition 
of*. 

Example 4.5. We return to Example 13.171 to construct a T-deformation with 
special fiber P(l, l,ri + 2) and general fiber F„ in terms of an a-admissible one- 
parameter decomposition of Ay. (-D/i), cf. |IltlO[ Section 7.3]. To do so, we identify 
the Okounkov body with the divisorial polytope 



^' : [0,n] DivQpi , with 



*p(u) = hl{u) + hl^{u), F a fixed point, 
*Q = 0, QePi\P. 



It is not hard to see that yields P(l, 1, 2) together with the ample line bundle 

Example 4.6. Let us consider the Okounkov body Ay. (— i^g) of the (ample) 
anti-canonical bundle on the smooth quadric in P^ with respect to a toric fiag of 
type T2 . It is now not hard to construct two decompositions of the latter such that 
there is a T-deformation with special fiber X* = P(l, 1,2,2) and general fiber Q 
which arises from the concatenation of these two decompositions. 



5. Global Okounkov Bodies 

Before stating the main theorem of this section, we give a short description of the 
pseudo-effective cone Eff(TV(iS)) of a rational projective complexity-one T-variety 
TV(>S). 

As in toric geometry, there is an exact sequence describing the divisor class group 
Cl(TV(iS)) of a complete rational complexity-one T-variety TV(5). We denote by 
■p C P"'^ the set of points with non-trivial slices Sp. Then we have that 

^{iT'/'Ly ®M — ^T-Div(TV(5)) C1(TV(5)) ^0, 

where T-Div (TV(5)) (Z^^TZ^v^ r^j^^g^ ^^i^^ 

Eff(TV(5)) - pr(R^^^) c C1(TV(5))r . 

By definition it is rational polyhedral. Indeed, after choosing a basis in every of 
these lattices, the maps t and pr become integer matrices. 

Theorem 5.1. The global Okounkov body Ay.(TV(iS)) of a rational projective 
complexity-one T-variety TV(<S) with respect to a general or toric flag Y, is a 
rational polyhedral cone. 

We postpone the proof until (15.21) . 

5.1. A Lemma on Polyhedra. Let v £ M'^ be a point, h = {bi, . . . ,bk) an or- 
thonormal basis of R'', and A = (Ai, . . . , Afe) € R>o- Using these data, we construct 
a piecewise linear object T{v, b, A) C M.'' in the following way: 

Ti = I < K < Ai} 

T, = T,_i U{v + jyp^ ^bj +Kb,\0<K< AJ . 

Finally, we arrive at Tk —: T(v,b,X). It is now not hard to see that a concave 
function / : R*^ — ^ M which is affine linear on T{v, b, A) is also affine linear on the 
convex hull conv T{v, b, A). 
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Definition 5.2. Consider a set T :— T{v,b,X) C M'"' as constructed above, and 
define 

S'^-^ := i(convTn§''^"i(w,e)) , 

where §''^^(v, e) denotes the sphere of radius < e ^ 1 around w G M'''. The sphere 
is supposed to be small enough such that no other extremal point of convT apart 
from V is contained in the ball B{v, e). 

Lemma 5.3. Let P C M*"' be a fc-dimensional polytope and f : P ^ M>o a non- 
negative concave function. Assume that the set 

Qs \xeS,0<y< f{x)} C 

over any line segment 5 C P is a polytope. Then 

Q := {{x,y) \xeP,0<y< /(x)} C 

is also a polytope. 

Crucial input in the following proof was provided by Christian Haase. 

Proof. An element u of P is called a vertex if and only if (w, f{v)) is an extremal 
point of Qs for all line segments S C P containing v. Then Q will be the convex 
hull of 

V := {{v, f{v)) I V vertex} U (P x {0}) , 

since Q is the convex hull of its extremal points which are, by definition, all con- 
tained in V. To see this, recall that a point of a convex set is called extremal if it 
does not lie in the middle of a compact line segment contained within this set. 

We are left to show that the set of vertices is isolated in Q. So let u e P be a 
vertex, and denote by i.„ C S*^"^ the compact subset of directions from v which 
see other points of P, and define Si := P D {v + kI \ < k < oo} for I E L^. Next 
we set 

r„(/) := minjo! > | (w + aZ, f{v + al)) ^ {v, f{v)) is an extremal point of } ■ 

Showing that there is an e > such that r„(/) > e for all I £ L^, will complete the 
proof, since vertices must appear as extremal points on some Qs, . So let us consider 
a direction li € Ly, and set Ai — ry{l). From vi := v + we can proceed along 
a direction I2 G (^1)^ to set A2 := ry-^{l2), and V2 = vi + ^h- Again, we can walk 
along a direction I3 e {{li) + (h))'^ with A3 — ry^{ls). Iterating this procedure, we 
finally obtain an object T{1) = T{v, X{1)) on which / will be affine linear. So by the 
discussion from above it will be affine linear on the whole fc-dimensional polytope 
convT(0. 

Doing this for all elements I S Ly gives us an infinite covering of Ly by S^^;)- 
Since Ly is compact we can choose a finite number of these to provide a covering. 
Therefore we can also find an e > such that there is no vertex v' € P with 
d{ivJiv)),iv',fiv'))) <e. □ 

5.2. Proof of Theorem [HB 

Remark 5.4. Before going into the details, we would like to make some identifi- 
cations. 

Elements of the rational pseudo-effective cone Eff(TV(5))Q := Efr(TV(5)) n 
N^{TV{Sj)Q will be denoted by ^. Having fixed a general or toric flag Y, in TV(5), 
the rational polytopes and W{^) are defined as and W{h), respectively, for 
the unique normalized Q-Cartier divisor with [D/,] = f . In the same vein, for 
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every P G we define the map $p : — > Q as the map h*p : Dh — > Q- Apart 
from these identifications we will also make use of the following linear map 

7 : 7V1(TV(5))q ^ iVi(TV(tail5))Q, ^ ^ 7(0 = i, 

whose image of Eff (TV(5))q lies inside Eff(TV(tail5))Q. 

Let us now proceed to the proof. 



Let Y, be a general flag and denote hy E C Q'^^^ 7V^(TV(5))q the cone over 
Eff(TV(5))Q with fiber (/)Q(n^). Its closure E in R'^-^ © N^{TV{S)) is rational 
polyhedral, since Eff(TV(5)) is rational polyhedral (TV(5) is a Mori dream space) 
and E arises as the pull-back of the global Okounkov body Ay^i ( TV(tailiS))) 
along idjjd-i ©7r. By forgetting the first coordinate, we get a projection 

p : Ay.(TV(5)) — > M-^-i © 7V1(TV(5))r 

with image exactly equal to E. Moreover, one can reconstruct Ay. (TV(tS)) from 
E by considering the graph of h* . Namely, we have that Ay, (TV(5)) is equal to 
the closure of 

M-'^NHTns)), '"f f^^ Q-' *A"(TVM,, 

< a; < LpgpCpH 
inside R © R'^^^ © N'^ (TY {S))k.. Observe that the map 

h^:Q''-'®NHTY{S)hDE^Q, iu,^^ ^ ^pH = degf («) 

P6P1 

is concave and linear on rays, i.e. 

hEjf(A-(u,0) = A-hEff(u,6, A>0. 
We claim that this map varies piecewise afiine linearly along any compact line 
segment 

5(ci,C2) = {Aci + (1 - A)c2 I < A < 1} c 

between two distinct points ci = C2 = (^2,6) e E C Q'^'^ ® N^{TY{S))q 

with only a finite number of breaks in the linear structure. Note that it is enough 
to check this for a single summand 

(A^i + (1 - A)C2)p(Aui + (1 - X)u2) 

for an arbitrary but fixed point P G P^. Recall that 

h*p{u) = min{ii(u) — hp{v) \ v £ iSp(O)}. 

where u ^ hp is a piecewise affine linear function on Nq and Sp{0) is a finite set. 
Note that there exists a real number e > such that, for < A, /i < 1, the functions 
Awi + (l-A)u2-(A(Ci)p + (l-A)(6)p) and ^iUl + {l-fJ.)u2-{K^l)p + {l~^J-)i^2)p) 
attain their minimum at the same vertex v G Sp{0) whenever |A — /i| < e. Hence, 
we can partition the line segment S{ci,C2) into a finite number of segments along 
which (A^i + (1 — A)^2)p(Awi + (1 — A)u2) is in fact affine linear. Taking a rational 
polytopal cross section of the cone Eff(TV(iS)) and applying Lemma [5751 then shows 
that a cross section of Ay, (TV(5)) is a rational polytope. Since Ay, (TV(5)) arises 
as the cone over this rational polytopal cross section it has to be rational polyhedral, 
too. 

Finally, let Y, be a toric flag and denote by £; C Q'^"^ © N^{T'V{S))q the cone 
over Eff(TV(5))Q with fiber W{0 for £, e Eff(TV(5))Q. We only have to show 
that the closure E C M'^-^ © N^{TY{S))r is rational polyhedral since Ay. (TV(>S)) 
arises as a translation of E induced by the primitive generators of the rays of 
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(5fix, cf. Propositions 13.131 and [XTSl But this claim follows easily from the explicit 
description of the rational polytope W{h) and the general arguments concerning 
the piece wise affine structure of " -p " as a function in ^ we have given above in 
the first part of the proof. 

Remark 5.5. Theorem 15.11 shows that the global Okounkov body of a rational 
projective complexity-one T-variety TV(5) is determined by the global Okounkov 
body of the general fiber TV(tail5) and the function " * " which maps an element 

^ G ivi(Tv(5))Q to r- 

Our result generalizes Theorem 5.2 from |Gon| which states that the global 
Okounkov body of a rank two toric vector bundle on a smooth projective toric 
variety with respect to a toric flag of type T2 (cf. Remark l3.8p is rational polyhedral. 
However, Theorem 15.11 does not give us any explicit equations for Ay. (TV(iS)) as 
they were obtained in loc. cit. 
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